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Abstract—The differential and total ionization cross sections of a heavy hydrogenlike atom colliding with a
relativistic structural heavy ion are calculated using a relativistic generalization of the method of solution
matching and the eikonal approximation. By structural ions are implied partly stripped ions of heavy elements
comprising a nucleus and a certain number of bound electrons partly compensating for the nuclear charge.
The heavy target atom is described using quasirelativistic wave functions. It is shown that an allowance for
relativistic effects in the heavy target atom leads to significant changes in the ionization cross sections as com-
pared to those determined within the framework of a nonrelativistic description. © 2003 MAIK “Nauka/Inter-
periodica”.
Experimental investigations of collision processes
involving heavy ions possessing high charges and
energies frequently involve partly stripped ions (see,
e.g., [1–7] and references therein). In the calculations
schemes used to describe the process of excitation and
ionization of target atoms, such ions are usually consid-
ered as point charges. A relatively small number of
investigations were devoted to development of the cal-
culation schemes describing partly stripped ions as
finite-size charged particles with a certain electron
structure. The strong field of the multiply charged ion
hinders using the perturbation theory. For this reason,
the ionization cross sections have usually been per-
formed (see, e.g., [8, 9]) within the framework of the
well-known method of classical trajectories. The quan-
tum-mechanical description based on a sudden pertur-
bation approximation attempted by Yudin [10, 11] only
allowed the ionization probabilities to be determined
within a limited interval of impact parameters. 

Previously [12, 13], the energy losses in the colli-
sions of relativistic structural heavy ions with light
(nonrelativistic) atoms were calculated using the
eikonal approximation. Recently [14], we used the
same approach to calculate the cross sections of the sin-
gle and double ionization of hydrogenlike and helium-
like atoms. The results obtained in [14] can be used for
calculating the cross sections of the formation of single
and double vacancies in the K-shells of only light
atoms. In calculating the cross section of analogous
inelastic processes in heavy atoms, it is necessary to take
into account the relativistic character of the motion of
electrons both in the bound states and in the continuum. 
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In this study, we have developed a nonperturbative
method for calculating the ionization cross sections of
heavy quasirelativistic hydrogenlike target atoms inter-
acting with partly stripped relativistic multiply charged
ions considered as extended charges. The proposed
method is based on a relativistic generalization [15, 16]
of the method of solution matching and the eikonal
approximation and on their extension to the case of
extended charges proposed previously [12, 17]. For
illustration, the proposed method is applied to calcula-
tion of the total and differential ionization cross sec-
tions. It will be shown that an allowance for the relativ-
istic effects leads to significant changes in the total and
differential ionization cross sections as compared to
those determined within the framework of a nonrelativ-
istic description of the target. These changes are sub-
stantial only in the case of targets with large nuclear
charges. It should be noted that we decline from dis-
cussing the processes of excitation and loss of electrons
belonging to the projectile ions, which are now under
extensive experimental and theoretical investigation
(see, e.g., [2, 18]). 

Consider a hydrogenlike atom at rest at the origin of
coordinates. According to [15, 16], the differential
cross section for the ionization of this atom, whereby it
passes from the ground state |0〉  (with the energy E0)
into state |k〉  in the continuum (with the momentum k
and energy Ek) upon collision with a relativistic ion
possessing the nuclear charge Z and moving at the
velocity v can be described in the eikonal approxima-
tion as (here and below, we use the atomic system of
units where " = e = me = 1, " being the Planck constant,
e the electron charge, and me the electron mass)
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In this relation, b is the impact parameter, S2 = γ(1 –
ab), γ = (1 – b2)–1/2, b = v/c, a are the Dirac matrices.
and c is the velocity of light in vacuum (the x axis is
directed along the ion velocity). 

The scattering Coulomb potential U = U(X, b; r) is
considered as a function of both the ion coordinates R =
(X, b) and the positions of the atomic electron r = (x, s),
where s is the projection of r onto the plane of the
impact parameter b. According to [12, 14], the eikonal
phase in formula (1) can be represented as 

where 

.

Here, the vector q has an evident meaning of the
momentum transfer to the atomic electron from a struc-
tural projectile ion with an impact parameter b, K1(x) is
the Macdonald function, Z* = Z(1 – ν) is the effective
(apparent) ion charge, ν = Ni/Z is the relative number of
electrons in the ion coat, Ni is the total number of elec-
trons in the shells, λ is the screening parameter (or the
effective ion radius). The latter quantity is given by the
formula λ = gν2/3(1 – ν/7)–1Z–1/3 where g ≈ 0.48 [19]. 

Formula (1) for the ionization cross section was
derived [15, 16] based on a relativistic generalization of
the eikonal approximation taking into account the rela-
tivistic character of motion for both the impinging ion
and the target atom. However, the calculations per-
formed previously (see, e.g., [14]) for the cross sections
of ionization by impact of a structural heavy ion took
into account only the relativistic motion of the projec-
tile ion. 

In this study, we allow for the relativistic effects in
the target atom as well. For this calculation, the wave
functions in the initial (|0〉) and final (|k〉) states will
represent (as in [20, 21]) the quasirelativistic wave
functions determined according to Darwin [22–24]: 
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Here, φ0 and φk are the nonrelativistic wave functions of
the ground state and continuum for a hydrogenlike
atom with a nuclear charge Za, ξ = Za/k, Γ(x) is the
gamma function, F(α, γ, z) is the degenerate hypergeo-
metric function, us is the bispinor of a resting electron
with the spin projection s, and N1 = (1 + (k/2c)2)–1/2 and
N0 = (1 + (Za/2c)2)–1/2 are the normalization factors (see,
e.g., [20, 21]). Following [16, 17], we assume for the
quasirelativistic atom that exp{ixv(Ek – E0)/c2} ≈ 1 and
γ–1S2 ≈ 1. 

Using the method of solution matching [14–16], we
obtain an expression for the differential cross section of
electron emission with the energy εk in the following
form: 

(3)

Here, η = expB = 1.781, B = 0.5772 is the Euler con-

stant, ωk = εk – ε0, εk = k2/2, and ε0 = – /2. The quan-
tities λk and αk are given by the formulas (cf. [14, 15]) 

where Ωk is the solid angle of the momentum vector k
of the emitted electron. In the formulas for λk and αk,
the integration is performed over all Ωk. 

We have used formula (3) to calculate the differen-
tial cross section (spectrum) of electron emission from
a hydrogenlike atom of molybdenum Mo41+ colliding
with a relativistic uranium ion U50+. The results of this
calculation are presented in Fig. 1. For evaluating the
contribution of relativistic effects to the differential ion-
ization cross section of a heavy hydrogenlike atom, it is
convenient to introduce a relative correction χ =
[(dσ/dεk)n – (dσ/dεk)r]/(dσ/dεk)n = 1 – (N0N1)2, where
indices n and r indicate the nonrelativistic and relativis-
tic descriptions, respectively. Thus, the correction χ in
the quasirelativistic approach is given by a simple for-
mula depending only on the nuclear charge Za of the
target and on the emitted electron energy εk. At the
same time, the correction is independent of the energy
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and charge of the impinging ion. As the emitted elec-
tron energy grows, the correction increases. For exam-
ple, in a Mo41+ target, χ = 2.31% and 11.1% for the
electron energies εk = 100 eV and 100 keV, respectively.
Unfortunately, no experimental data are available on
the electron spectra for the K-shell ionization of heavy
hydrogenlike atoms by structural heavy relativistic ions
in the range of energies and charges under consider-
ation. For this reason, we illustrate the results obtained
using the proposed method in the case of insignificant
relativistic effects in the target. For this purpose, Fig. 1
shows the electron emission spectrum calculated using
formula (3) for a hydrogen atom colliding with stripped
carbon ions in comparison to the experimental data
reported in [25]. 

The total ionization cross section of a hydrogenlike
heavy target is obtained by integrating expression (3) over
the entire interval of energies of the emitted electron.
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Fig. 1. Plots of the ionization cross section versus the emit-
ted electron energy ε: (1) for a structural U50+ ion (projec-
tile) with an energy of 10000 MeV/nucleon colliding with
a hydrogenlike Mo41+ target atom (solid and dashed curves
correspond to a quasirelativistic and nonrelativistic descrip-
tions of the target, respectively); (2) for a stripped C6+ ion
with an energy of 2.5 MeV/nucleon colliding with a hydro-
gen atom (solid curve shows the results of calculations,
black circles represent the experimental data [25]; both cal-
culated and experimental values are multiplied by a factor
of 100). 
TE
According to the method of solution matching [14, 15],
this is equivalent to calculation of the following values: 

(4)

In these terms, the total ionization cross section is
expressed as 

(5)

Figure 2 gives an example of using formula (5) for cal-
culating the total ionization cross section of a hydro-
genlike target atom as a function of the energy of
impinging U50+ ions for several values of the nuclear
charge of the target. As can be seen from these data,
allowance for relativistic effects in the target leads to a
decrease in the total ionization cross section as com-
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Fig. 2. Plots of the total ionization cross section for various
hydrogenlike target atoms versus the energy of the imping-
ing U50+ ion (solid and dashed curves correspond to a qua-
sirelativistic and nonrelativistic descriptions of the target,
respectively): (1) Mg11+ (Za = 12); (2) Ti21+ (Za = 22);

(3) Ge31+ (Za = 32); (4) Mo41+ (Za = 42). 
The relative contribution η of the relativistic effects determined as a function of the energy E [MeV/nucleon] of a relativistic
structural ion U50+ colliding with hydrogenlike atoms of Mg11+ (Za = 12), Ti21+ (Za = 22), Ge31+ (Za = 32) and Mo41+ (Za = 42)

E, MeV/n 50 100 500 1000 5000 10000 50000 100000

η, % (Za = 12) 1.5 1.4 1.1 1.0 0.9 0.9 0.8 0.7

η, % (Za = 22) 4.6 3.9 3.0 2.8 2.5 2.4 2.2 2.1

η, % (Za = 32) 8.2 6.9 5.4 5.0 4.6 4.4 4.1 4.0

η, % (Za = 42) 12.0 10.1 8.1 7.6 7.0 6.8 6.4 6.2
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pared to that obtained in the nonrelativistic description.
The relative contributions of the relativistic effects
determined as η = [σn – σr]/σn are given in the table,
where indices n and r refer to the nonrelativistic and rel-
ativistic descriptions of the target, respectively. In
accordance with formulas (4) and (5), the values of η
depend on the characteristics of both the target and the
projectile. 
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